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Tan der Pol relaxation oscillator
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ABSTRACT

This paper deals with the Van der Pol relaxation oscill
large sinusoidal forcing term. By using singular perturbatio
asymptotic solutions of such a system are constructed. These
approximations are locally valid and may take the form of a
expansion in one region and a boundary layer type of solutio
region. Integration constants are determined by averaging an
conditions. From these local solutions a difference equation
There is an equivalence between solutions of the difference
an iterated mapping on a compact interval and solutions of t
self. This equivalence makes it possible to analyze subharmo
type of solutions to the full extent. As a result of this we
in the parameter space, where regular subharmonics exist. Th
overlap so that for some parameter values different subharmo
For the same values chaotic type of solutions are found as w

described by using concepts of symbolic dynamics.
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[TRODUCTION

Recent studies of difference equations [14,18,25] have revealed un-
:ted phenomena which in literature are characterized by the term

itic". Some of these equations are meant to model biological phenomena
as the from year to year changing densities of biological populations.
1s been found that differential equation models with state variables
\ding continuously on time may too exhibit chaotic behavior. The Lorenz
:ions, a "simple" model for the onset of turbulence in the context of
irological problems, is a well-known example of such a system, see

'1]. It is understood, that this system contains a so-called strange
ictor.

In electronic circuits it has been observed that periodically forced
near oscillators may behave chaotically in certain parameter. ranges
v]. In this paper we carry out an asymptotic analysis of such a system,
‘orced Van der Pol oscillator,

2
d=x + v(x

X 2
dt2

_])g_:;( + x = (ov+B)k cos kt, 0 <a<2/3

arge values of v. Eventually, we will construct a difference equation
contains all necessary quantitative and qualitative information for
‘ibing the possible solutions of this system. Besides the well-known
.e solutions of period T = 2n(2n-1), also irregular types of solutions
malyzed. Existence of such solutions was ekpected by LITTLEWOOD [15]
1ade plausible by LEVINSON [13] in a study of a related piece-wise lin-
iquation. The horse shoe mapping created by SMALE [23,24] turned out

+ an important tool in establishing the existence of these irregular
:ions. LEVI [11,12] used this concept and symbolic dynamics (see also
INHEIMER [10]) in his study of a modified version of (1.1) Whiéh comes
» to the piece-wise linear variant of Levinson. Our results agree
.tatively with those of Levi. Furthermore, (1.1) has been solved
:ically by FLAHERTY & HOPPENSTEADT [3]. A comparison shows that there
.80 a good agreement between the outcome of their work and that of our
ytotic investigation.

In Section 2 we give a qualitative description of the solutions of




(1.1). Most of it is based on the work of Levi. Matched local asymptotic
solutions of (1.1) are constructed in section 3. We only present those
results that are needed for deriving the mapping cn an interval. For more
details of this aspect of our analysis we refer to [6,7]. Furthermore, an
analogous analysis has been made in [8,9] and [5], where the cases o = 0
and o = 2/3 have been worked out. The solution of the case we have under
consideration now (0<d<2/3) exhibits phenomena that are met in these ex-
treme cases separately. In section 4 we give the interval mapping in the
form of a set of asymptotic relations. It is noticed that the domain of
the interval mapping is related with the order of a parabolic cylinder
function being an asymptotic approximation of the solution in a critical
region of the state space where many diverging trajectories meet each other
at short distance. This choice of the interval comes up in a natural way
and shows that the asymptotic approach discloses characteristics of the
system, that would have remained unnoticed in a different type of analysis
of the problem.

From the asymptotic interval mapping the qualitative properties of
(1.1) are found and a numerical approximation is made. In section 4.2 we
construct the regions in the parameter space, where regular subharmonics
exist. Moreover, in section 4.6, we trace a stable irregular periodic

solution by using this numerical approximation of the interval mapping.
2., THE ANNULUS MAPPING AND SYMBOLIC DYNAMICS

2.1. Properties of the Poincaré mapping

Following LEVI [11] we consider (1.1) in the form of a system of two

first order differential equations

(2.1a) % = v(y=-1/3x+x)
(2.1b) § = —x/vtbcoskt, b = (a+By Dk,

and introduce the Poincaré mapping D:




D(x(0),y(0)) = (x(2m),y(2m)).

n be shown that a properly chosen annulus A in the x,y-plane is mapped
an annulus A' under D" for m sufficiently large with A' having a

ness O(exp(—cvz)) near the branches of y = 1/3x3—x and of order O(v_%)
e horizontal parts where it jumps from one branch to the other, see

1. Within the §nnu1us A' one may cut out a small part R such that for
= (x,y) € A,DJs € R for certain j € N. Note that there is even an
ite sequence jk’ k=1,2,... with Djk§ € R. Therefore it is sufficient
udy the mapping P:R + R, where Ps = Dls with j being the first integer
hich Djs € R. By taking P(s) = s for s € R we obtain a continuous map-
P on R. Identification of the upper and lower sides of R makes R an
us. Note that no points in R correspond with each other under P. Thus,
tudy of the Poincaré mapping D is reduced to the analysis of the annu-
apping P:R + R. Because of the symmetry with respect to the origin

is a same area R' in the opposite quadrant of the x,y-plane. Clearly,

sufficient to study the mapping P:R - R' as P="Po P.
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-

(a) (b)

Fig. 1. Contraction of an annulus by repeated mappings D.

A circle mapping

In a first approach we ignore the thickness of R and interprete P as

cle mapping from S1 to Sl. Graphically P behaves qualitatively as




‘ollows (see fig. 2). A small arc A of order O(v_]) of S1 is strectched by

> to, say, 1.5 fimes the length of Sl, while the remaining part Sl\A is de-
‘ormed simply by closing the image of A. As we will find out, an increase

f the forcing b means a clockwise rotation of the image P(A). This immed-
lately leads to the presentation in fig. 3, where for two different values

)f b we have given the graph of P. The two cases A and B correspond to
nappings P with quite different properties. LEVI [11] makes these differences
risible in the associated graphs of the annulus mapping P with R being

:ssentially an annulus and not a circle.
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Fig. 2. Circle mapping Fig. 3. Graphs of two cases

(b) case ‘\Bl

Fig. 4. The annulus mapping




fhe annulus mapping

[n fig. %4a we depicted the simple configuration of one stable fixed
p and an unstable saddle point z for the mapping P. By rotation we
: at the more complicated cénfiguration of fig. 4b: it has two stable
points PPy and two unstable saddle point type of fixed points z

1
,» There is still another set of points C, which cannot decide to which

of attractors they belong. C is a Cantor set of measure zero, which is
lant under P. In fact C contains a nontrivial "attractor" of the type
as the horseshoe, see SMALE [23,24]. Symbolic dynamics (see e.g. [22])

a description of P restricted to C, see MOSER [19]. We set
) A n B(A) = H,,H,,H,,

Lg. 4b, and define V V1 and V3 by

0’

) P(V,) = H,, i=0,1,3.

armore, let H, = V. n P(A), then V., is defined by

2

) P(VZ) = H

# introduce the transition matrix M by

Mij =0, if Vi n Hj 0
M.. =1 else,
1]
0111
M = 0111 .

1000
o111




he use of symbolic dynamics

he basic idea of symbolic dynamics is to introduce a space I of all
le biinfinite strings of a given set of symbols. Referring to the

s of Vi and Hi of section 2.3 we take the symbols 0,1,2 and 3:

r = {0,1,2,3}2.
an element a = (...,a_l,ao,al,...) € ¥ may read
...01121322110... .

ing restrictions upon the type of symbol that follows a given symbol

troduces a subspace of I:

Ty = lae ZlMa.a. =1},

1 1+1
be given by (2.4). The mapping P:C - C is topologically conjugate with
ift o: ZM > EM’ where o satisfies

[O(Q)]i = ie Z.

ai+1°

there is a one to one corresponding 6 between C and ZM:

ome remarks about the annulus mapping

eturning to the annulus (or circle) mapping we observe the following




lence of this mapping upon b. There is a subdivision of the b-interval

i) into subintervals Kk and Bk separated by small intervals Ek’ such

‘or b € Zk P acts as given in fig. 4a (or fig. 2a), while for b € Ek
‘havior can be understood from fig. 4b (or fig. 2b). In summary we

ide that for b ¢ Zk there is only one stable solution and except for
ddle point all solutions tend to this stable one. For B € Bk two

. solutions exist. Except for a Cantor set of measure zero all solu-
tend to one of the attractors.

s b crosses a separation iﬁterval Ek there is a sequence of bifurca-
and the remarkable phenomenon occurs that for uncountably many b e 8
exist infinitely many stable fixed points of P or of its iterates (see
[EWHOUSE & PALIS [20]). In trying to understand this complicated bi-
ion pattern we need more information about the mapping P. Intuitively,
felt that these bifurcations are related with the disappearance of
ections Vi n Hj’ see fig. 4b, and that therefore certain finite

ices in ZM are forbidden.

't is obvious that an exact description of the mapping P on the interval
rtched in fig. 3 is the first step in the full understanding of the
ation pattern. It is our goal to give a complete description of this
g and its dependence upon the parameters. In the following sections

1 construct matched local asymptotic solutions of (1.1), which

lally lead to a mapping on an interval with the same properties as P.
'inally, it is noted that the study of interval mappings has become

d of growing importance in the analysis of dynamical systems, see

20]. Various bifurcation problems have been solved by using the con-
f mapping on an interval, but there still remain many questions about

act description of families of interval mappings. In particular we

n the chaotic behavior of mappings within certain parameter ranges.
'CHED LOCAL ASYMPTOTIC SOLUTIONS

lutline of the method

. solution of (1.1) has a behavior that is characteristic for singular

‘bation problems. Locally the solution exhibits a boundary layer type




»f action like one meets in problems of fluid mechanics. On the other hand
.t passes a large time interval, where a two time scales expansion can be
ipplied. Finally, we distinguish a sequence of points, determined by the
.ntersections with the lines x = *1, where the local behavior of the solu-
:ions is analyzed by a stretching procedure in both the dependent and inde-
rendent variable. For a complete picture of the different regions which are
successively crossed by the solution we refer to fig. 5 . The method of
1atched asymptotic expansions (see e.g. [1]) yields formal local asymptotic
jolutions in which the integration constants are determined by averaging
:onditions and by matching pairs of local solutions of adjacent regions.
’hese computations have been carried out in [6,7]. In the next sections we
sjummarize the results. It is emphasized that this approach is formal and
chat, for the type of problem we are dealing with, there is no proof of
:orrectness that justifies this approach. However, the present method results
.n a clear qualitative picture of the solution and, in addition, provides

1s with quantitative information about the existence of subharmonic and
yther solutions. Comparing this outcome with analytical and numerical results
‘or the same or related problems [3,11], we observe an excellent agreement.
'urthermore, matching methods require a high degree of internal consistency.
’hat is: two neighboring local solutions match, if they exhibit the same
rehavior in a relatively broad domain of overlap. This type of consistency
7e also meet in the final result: we analyse here the case 0<0<2/3 and de-
rive conditions for B in order to have a subharmonic of order n. In the
.imit o > 0 and o > 2/3 these conditions need to match the ones obtained
‘rom studying the special cases a = 0 and a = 2/3, see [5,8]. As we will

jee this turns out to be correct indeed.
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}.2. A two time scales expansion
For the region A of fig. 5 we assume that the solt :an be led

IS

, -1 -2

3.1a) X = Xo(t,T) + v xl(t,r) + v Xz(t,T)+...,
3.1b) T = (t-t*)/v, t <t <t

1/2 3/2

rith
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(3.1¢) tr = (=-m/2+27r) /k,
(3.14) x. = 2 cos[l-arccos{é-a sinkt + E-C (t
) 0 3 2 20
2 9%, f - -
(3.1e) (xo-l)x1 = -5 " [ Xo(t,T)dt - (t-t
t*
5C Tv+2m1/k
0 _ -k
(3.1fg) F = o Xo(t,'l.')dt, CO(O)
™V
T Tvi2n/k
. _ -k 1L -
(3.11) q(t) = exp{EF-J ———jzj;j dt dt
0 7Tv %0
T T Tvi2n/k
. ok k 1
(3.13) p(t) = o f exp{g; J 7
0 0 =~ %0
™

The solution will leave the region A at a time t

approaches the line x = 1, which is the case if

From (3.1fg) it follows that in the slow time sc
-2/3+a  27/k

(3.2) L U xy(s00ae} " ac
2/3-a 0

0

3.3. Other local asymptotic solutions

For a region Am’ which is entered by the so

(x,t) = (l,tm_l) and left near (x,t) = (l,tm), t

reads
(3.3a) X = xém)(t) + v_lxgm)(t) + v_zxém)(t)
(3.3b) xém) =2 cos{%-arccos(%-u sinkt + %—C

(3.3cd) cém) a=-2/3, j=0,

Kt 4 47,
-1

n it

ue o - 2/3.
or

orhood of

¢ solution




(m) t

-dx
(m)y2_., (m) _ 0 (m) = .7 . (m)
(3.3e) {(xO ) l}xl It x, (t)dt + B sinkt + C1 .
tm—]
-1
For the v %-neighbourhood of (x,t) = (I,tm), that is region Bm, we

1ave

(3.4ab) x=1+ v_évo(m)(g) + v_]vfm)(g)+..., g = (t-tm)vi,

(3.4c¢) Vém) = -3 ka/az (—aE)/DKm/az (-ag), a =192ak2,

(3.44d) Km = -a2/2 + (—Cfm) + B + 21I) = —a2/2 + (—C§m+])+3)
tn
_ b (m) -
(3.4e) I = 5 f %, (t)dte, Km+1 = Km + 211,
t
m-1

vhere in (3.4c) Du(z) denotes the parabolic cylinder function of order u

Tor u <0 Du(z) has no zero's. Let us assume, therefore, that Km < 0. It
- =1

ls found that for t = t with x(tm) =1 + 0(1) and with {x(tm)—l} lv z

1s v > o the following matching relation holds
(m) _ - _
(3.4F) C1 = CI(T) 2 (m-3/2)I + KITV.

3.4, A boundary layer type of local asymptotic solution

If for the region B1/2 the constant K1/2 is positive and bounded aw
from zero (independent of v), the solution will enter the boundary layer

region C with local variable

1/2

(3.5a) n = (t-t]/z—Eov—z)V,

vhere EO is the value of £ for which the denominator of (3.4c) vanishes.

chis region we introduce the boundary layer expansion
-1 -2
(3.5b) x =Wy +v W () +v W(n)+...,

vhere WO and wl satisfy the equations
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(3.5¢0)  (=u)™ + 1/310g{W#2) (1=0) '} = -n + Hy,

' 2_ - 4 2 2
(3.54) Wl + (WO I)W1 1/4a EO 1/2a KI/Z'

Notice that WO + 2 as n » «, Apparently, the boundary layer solution mat
the solution for region A given by (3.1) provided that

(3.5e) C = K + 1/232 - B.

10 1/2

If K1/2 < 0 and K3/2 > 0, the solution first passes the region A3/2, whe

(3/2) _
0

it satisfies (3.3) with j =1 and C -0 + 2/3. Next, in region B

3/

3/2?
where (3.5) holds with t1/2 replaced by t3/2. It matches the solution of

satisfies (3.4) and, finally, it enters the boundary layer region C
region A if

(3.5£) C., =K + 1/2a2 - B.

10 3/2

3.5. Balancing on an unstable branch: dips and slidings

In this section we consider the case where

(3.6a) K = g exp(-dv)

1/2

with o = #1. This choice of K]/2 will produce a local behavior near the
line x = -1, which we indicate by dips and slidings of the solution. In
the Bl/z-region the solution takes the form

~ -1 -3 —dv
(3.6b) X = x(t1/2+£v 25v) + v(E)v e T,

shere x is the regular expansion (3.3) valid in a 0(1) neighborhood of

= < = I = 1 >
t /2 For t < ty/p Ve have that m = 1/2 and j 1, while for t > ty/
ve must take m = 3/2 and j = 2. For the integration constant in the lead

term (3.3b) we have the same value

(3.6¢) cé‘/z) - cé3/2) - o + 2/3.




or v(£) in (3.6b) we obtain
2.2
3.6d) v =-0 a exp(a’¢ /4)D_1(—a£).

s the solution leaves the Bl/z—region the perturbation term v grow

his process continues in the Z3/2—region where

3.7a) x ® x(t3v) + V(t3v),
t
3.7b) V=o¢ exp{-v(A(t)+d)}[-av—%/§;;EEI exp{vA(t)}dt],
t o i €1/2
3.7c) A(t) = J {Xz(t;O)-l}dt.
Y2

his asymptotic solution brakes down as t approaches t* satisfying
3.8) A(E") = -d.

. * .
ssuming that t < t3/2 we have to introduce another boundary layer

olution for the region C
3.9ab)  x = Wy(n) + v W (M*...,  n= (e-tT)

ith W, satisfying

0
Knlwo—z*| 1n|w0-a*| 1n[WO—x*| 1n|-0a¢237v/2|
3.9¢) 5 + 5 + 5 = -n + 5 ,
z, ~1 a -l x, 1 z, -1

. ~ %
n which z, = x(t ;0) and a, and x, are the two other roots of the

quation

3 _ 3
3.9d) /30" = Wy = 1/32,° -z

ith a, < -1 and x, > 1. For W1 we have

*
t
1 2 * ~ . *
3.9e) W, + (W."-1)W, = onk coskt - J x(t;0)dt + B sinkt -

1 0 1

ty/2
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Taking 0 = 1 we find that WO > X, as n > = and matches the solution of region
A, see (3.1), if

t*
(3.10a) €, =-B+ ja? - J x(t;0)dt.

t1/2
For o = -1 WO tends to the other stable root a" < -1 and matches the asymp-
totic solution for region A3/2 given by x = a(t;v) satisfying (3.3) with
j=1, 023/2) = - o + 3/2 and

0

*

t

(3.10b) 023/2 - c§3/2) + J 2(t;0)dt.

1
t1/2

In the B3/2—region (3.4) 1is vali& with

*
t A t3/2 A

(3.11) K3/2 = - f x(t;0)dt - J a(t;0)dt.
t1/2 £

After crossing the unstable interval |x| < 1, it arrives at the region A,
where it matches (3.1) because of (3.5f).

In [7] the case where d is sufficiently large (including o =0) has been
studied in detail. Then t* = t3/2 and a special type of local solution is
valid in the B3/2—region. We no not present this result here as it does not

affect the matching relations given above.

4. MAPPING ON AN INTERVAL

4.1. The formula for the interval mapping

Using the matched local asymptotic solutions of the foregoing sectioﬁs,
we will relate the value Kn of the Bn—region (n a positive integer) with
the value of K]/Z' We restrict K1/2 to a compact interval X of length 2wI
and take for n the first positive integer for which Kn returns in this
interval. In this way we constructed a mapping P of X into itself. From
(3.1h), (3.4d), (3.4f) and (3.5ef) it follows that for K € X, excluding any
axponentially small (with respect to v) neighborhood of K = 0 mod(2nI)




(4.1a) PK = —-qK + R(n(K))
vith

(4.1b)

vhere p = p(T) and q = q(T) are given by (3.1ij). It is rema

R = (l+q+pq)B - %a2(1+q) + 2m(n-3)I - kITv,

jump to n*1 as K varies over X in order to keep PK within X

szear K = 0 the relations (3.1b) and (3.10a) hold, so we have

(4.1c) PK = T (t%) + R((K))
vith

(4.14d)

and K and t* such that

(4.1e) exp(-dv)

K:
t*
(4.1€F) J {§2(t;0)-1}dt = -d.

Y2
Jn the other hand for

(4.1g) K = —exp(-dv)
we have
(4.1h) PK = C (t) + R(n(K))

*

t
(4.11) c (™) = of f 2(t;0)dt + J
t

1/2

*
t

C+(t*) = q J §(t;0)dt - Ik(t*—tl/z)
Y72

t3/2

a(t;0)dt}-2nT

*
t

with t° satisfying (4.1f). It is observed that for d » « (4.

(4.1h) as then t* > t3/2, s-e (4.1d) and (4.11i). Moreover, (

hat n 1

hermor

tches
and (4
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natch (4.1a) as d » 0.

%.2. A discontinuous approximation of the mapping

In a first approach of describing the mapping (4.1) we let formally
v > » and consider PK for the interval (0,27I), see fig. 6. The mapping has

a fixed point that corresponds with a symmetric solution of period 2m(2n-1)/k

for

(4.2a) 8 (a3v) < B < En(a;V)

vith

(4.26) B = {4a”(1+q)-H_(a,v)}/s,

(4.2¢) En = {(%az+2ﬂI)(1+q)—Hn(a,v)}/S,

(4.24d) H = {2m(n-3)-kTv}I

(4.2e) S = l+q+pq.

Since B, < En+1 <B-p < En’ there are two types of B intervals:

3 € Xn = (§n+l’§n-1)’ where one symmetric solution of period T = 2w(2n-1)/k
is found and B € Bn = (§n,Bn+l), where two symmetric solutions of period

[ = 2n(2nx1)/k exist. In [8] and [5] conditions for B were computed in order
to have symmetric solutions of period 2m(2n-1) for the special cases a = 0
and o = 2/3 (k=1). If for a = 2/3 we consider the range of B given by (4.2),
ve observe that this special case, studied in [5], is completely covered by
the present results. Moreover, for a = 0 the conditions on B match those of
8] for B » », see formulae (21) and (22) of [8]. In fig. 7 the functions
’,9,1 and T of o are plotted. Using this data we are in the position to
zonstruct regions Qn in the b,v-plane, where the conditions for existence

>f a symmetric solution of period T = 2n(2n-1)/k are satisfied. The follow-
ing procedure has been carried out for k = 1, n = 1,2,3 and 4:

step 1. a value of v is fixed, say v = v*,

step 2. o = o is determined such that T(a*)v* = 2r(n-1),
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tep 3. the corresponding values of §n and ﬁn are computed

tep 4. the line v = v is within @ for o+ gn/v* <b<a + En/v*.

'he result of this procedure, carried out for a sufficient number of values
f v, is depicted in fig. 8a. The boundaries of Qn for b small are

.omputed from [8]. The shape of Qn agrees quite well with the results of
'LAHERTY & HOPPENSTEADT [3], who integrated (1.1) numerically for a wide

‘ange of parameter and initial values, see fig. 8b.

(a) case An (b) case Bn

Fig. 6. Limit interval mapping, discontinuous at K = 0, mod(2wI).

1 4
1
+
T
8 .8
L1.75
1
L6 .64 L 1.50
F1.25
4 -4 F 1.00
T
2 2
.0 9o

1/3

Fig. 7. the auxillary functions p,q I and T.




1 2 '3 A '5 .6 2/3 .7 .8

from asymptotic solutions, see text for procedure

.8
from numerical solutions, after Flaherty and Hoppenstendt [3]

8. The domains Q. with periodic solution T = 2w(2n-1).
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4.3. TI e B e A

- n

I discontinuous approximation we only the st
point; nstable one is situated in the bound yer, a
fig. 9 that the X-interval has been shifte rder t
in the ior of the interval. For any startin e diff
unstab’ ed point the iterated solution will ch the
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te4. The case B € Bn

Besides the two stable fixed points of the discontinuous approximations,
chere are also two unstable ones within the boundary layer. The situation is
1ow more complicated, as it is incorrect to assume that for any starting
ralue, not coinciding with the unstable points, the iterated solution will
:end to the two stable fixed points, There exists a non attracting subset
>f zero measure in which the iterated solution may go around in an irregular
7ay. In order to describe this class of solutions we use symbolic dynamics,
see section 2.2 and 2.3. As given in fig. 10 we consider subintervals
Ii (i=0,1,2 and 3) and keep track of the mapping of points remaining in

JVi in the transition matrix

0111
011 1
4e3) M= 1000 J

0111

£ Mij = 1 a point A is mapped in Vj’ while for Mij = 0 such a mapping is not

ossible. As we described in section 2.3, the topological subspace &, con-

M
sisting of all biinfinite sequences of the symbols 0,1,2 and 3 is introduced
1llowing only combinations ij for which Mij =1, i,e. forbidden combinations
.n the set of sequences are 00,10,21,22,23 and 30, It is noted that the

‘wo unstable solutions are represented as sequences of just the symbol 1

ind the symbol 3, respectively., Furthermore it is seen that the interval
1apping discloses the dynamics of (1.1) to the same extent as the annulus
1apping of section 2.2, The iterated solutions that correspond with an
1lement of ZM have zero measure. Nevertheless they give us insight in the
rehavior of (1.1) with starting values chosen in such a way that the solu-
:ion remains in UVi a large (but finite) number of iterations of P before
.ocking into a stable subharmonic. Initially such solutions behave in the
.rregular way as described here and the set of starting values has a meas-

ire different from zero.
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Fig. 10, The interval mapping for B € E;

4.5, The transitional case

In the discontinuous approximation of section 4.2 a third type of struc-
ture remained out of sight. We are aiming at the case of one stable fixed

point with the point T below the unstable fixed point S, see fig., 11. Then



1igher order stable fixed points of the iterated mapping are ble, a
>ointed out by LEVI [11]. His statement is based on a theore EWHOUS
¥ PALIS [20]. In fig. 11 we sketch such a solution, while in ext se

:ion we will trace numerically one in a specific example.

mL ;;7

4

PK AN

S
) v
T
7N g
-7l K ~> mI

Fig. 11, The interval mapping for B € En
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:al approximation for o = 1/3 and v = 7.5

1\lytical and numerical methods we found for a = 1/3:

35/4{2E(arcsin/2/3(l—]/3V§), 1/3v/2-/3)
- F(arcsin/2/3(1-1/3V3), 1/2/2-/3)
+ 1/3(2-/3)V24+14Y3} /n=1.47597,

+ = 0,061926, q = 0,788070, T = 0.392236,

f 4 -k sin e de

0
-1
J 1 *k sin 6) de
0

‘sk)

LK)

to carry out the iterations of the mapping we approximate the

lows. Firét a composite asymptotic solution is constructed.

0 in the endpoints t* = -n/2, 3n/2, the boundary layer solu-

nonuniformly in -theése points as dP/dK = dp/dt”. dt*/dK. This

by adding an asymptotically small correction to the composite

ution. For K € [0,7I] we have as a composite solution

exp{—d(t*)V}
*
t

J {gz(t;O)—l}dt +

t
2

- 2 sin(t™-n/2)expl (t*+1/2) (£ *=31/2)V[2/2) /v,
= ¢ (t*(K)) + R((K)) - gk,

[-rI,0]
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4.5d) K = —exp(—d(t*
ith t* satisfying (4.5b)
4.5¢) PK = C (t*(K))

nis composite expression

ave increasing density n
4.6) K(j) = wlexp{-
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oints (4.6), where PK is
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Fig. 12, The occurence of irregular subharmonics



»o CONCLUDING REMARKS

As a result of our asymptotic analysis, we have obtained a completely
letermined relation between a continuous dynamical system and a mapping on
. compact interval (a one-dimensional difference equation). This result is
lew in the sense that up to now, there has not been yet such a description
»f a continuous system‘having chaotic type of solutions in terms of a differ-
‘mce equation. For the Lorenz equations [ 17 ] with its strange attractor a
:omparison with a system of diffefence equations such as the Henon attractor
.s made, but the relation only refers to the occurence of a typical set of

Aimit points in both cases. In the study of Levi a more specific qualitative

‘elation between a continuous system and a difference equation was estab-
.ished. Levi expected the interval mapping to act upon a specific domain

f the state space, see section 2.2. Likewise one describes the Lorenz
:quations by a mapping from a cross section of the state space into itself.
'rom the present study we learn that there exists a typical difference var-
able which in this case turned out to be the index of a parabolic cylinder
‘'unction, being part of a local asymptotic solution. It suggests that ome
\as to look for characteristic quantities of a continuous system in order
;0 relate it to a set of difference equations.

From the interval mapping the bifurcation pattern is understood for
he various values of b. For the transitional domains §£ the bifurcation
‘tructure turned out to be quite complex. It would be worthwhile to describe
.t in more detail using symbolic dynamics, as suggested in section 2.

Constructing a numerical approximation of the interval mapping as done
in section 4.6, we touched upon two points needing some consideration.
'irstly, the boundary layer solution appeared to be not differentiable in
he end points, which was overcome by introduction of an asymptotically
mall correction term. Secondly, for v = 7.5 it was not possible to deter-
iine a stable irregular subharmonic for some B. From sharper calculations
re concluded that even an accuracy of 14 decimals did not suffice. The
‘eason for this is that the boundary layer in the interval mapping has a
hickness of 0(exp(-v)). Consequently, the graph of P2 has an extremely
harp peak at the point where it is about to be tangent to the diagonal,

ee fig, 12 . For stability it is necessary that IdPZ/dK| < 1 which is
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the case for B just past the point of tangency.
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